The crystal-fields causing |J electron states splittings of the same second moment σ 2 can produce different total splittings ∆E magnitudes. Based on the numerical data on crystal-field splittings for the representative sets of crystal-field Hamiltonians H CF = k q B kq C Mixing the H CF components with different q yields a secondary effect and does not determine the extreme splittings. The admissible ∆E min changes with J from 2.00σ to 2.40σ, whereas the ∆E max from 2.00σ to 4.10σ. The maximal gap ∆E max − ∆E min = 2.00σ has been found for the states |J = 4 . Not all the nominally allowed total splittings, preserving σ 2 = const condition, are physically available, and in consequence not all virtual splittings diagrams can be observed in real crystal-fields.
(k) q with fixed indexes either k or q, the potentials leading to the extreme ∆E have been identified. For all crystal-fields the admissible ranges (∆E min , ∆E max ) have been found numerically for 1 ≤ J ≤ 8. The extreme splittings are reached in the crystal-fields for which H CF s are the definite superpositions of the C (k) q components with different rank k = 2, 4 and 6 and the same index q. Apart from few exceptions, the lower limits ∆E min occur in the axial fields of H CF (q = 0) = B 20 C (2) 0 + B 40 C (4) 0 + B 60 C (6) 0 , whereas the upper limits ∆E max in the low symmetry fields of H CF (q = 1) = B 21 C Mixing the H CF components with different q yields a secondary effect and does not determine
Introduction
The total splitting ranges (∆E min , ∆E max ) of free ion electron states in different axial crystal-fields (CFs) yielding the splittings of the same second moment σ 2 have been thoroughly analyzed in our previous paper [1] . Here, we extend this analysis for all CFs. Throughout the paper the tensor Wybourne notation [2] for the CF Hamiltonian H CF and the CF parameters B kq (CFP) is consistently used (Eq. (1)),
The zero-approximation initial states forming the interaction matrices are the Russell-Saunders coupled states |αSLJ of well defined quantum number J with the degeneracy 2J + 1, where α stands for the remaining needed quantum numbers. For the sake of simplicity the initial states are denoted as |J . Further extension of the studies for the mixed states as well as the states resulting from other coupling schemes are feasible taking into account the additivity of the CF effect with respect to 2 kpole H CF components. To achieve this one should employ consequently the tensor transformational properties of the states along with the standard angular momentum re-coupling techniques [3] [4] [5] . The systematic calculations have been performed in the paper for all the non-Kramers and Kramers states with 1 ≤ J ≤ 8, it means for fifteen J values.
In order to compare the splitting effects of arbitrary (real or virtual) H CF s they must yield the splitting diagrams of the same second moment σ 2 defined as [6] [7] [8] [9] σ 2 |J = 1 2J + 1 n E n − E (|J )
where the energy centre of gravity of the sublevels within the state |J is given by E (|J ) =
2J+1
n E n , with E n as the energy of |n sublevel, and S k = 1 2k+1
is the conventional CF strength of the 2 k -pole [6, 7, 10, 11] , whereas the dimensionless scalar J||C (k) ||J describes the 2 k -pole type aspherity of the state |J [2, 9] .
To put in order different isomodular 2 k -pole H (k) CF components of the global H CF the complementary scale of the CF strength was applied. This is the spherically averaged modulus of H (k) CF which is equal to the spherically averaged modulus of the axial B k0 CFP [8] 
where α and β are two Euler angles of the reference frame rotation (the third angle is inessential).
The most general H CF contains 27 CFPs including 3 real axial parameters and 12 pairs of complex ones [2, 12, 13 ]. An interesting question arises whether one should consider complex parametrized H CF s investigating the extreme splittings ∆E min and ∆E max of electron states in any CF yielding the same σ 2 . The negative answer can be explained as follows. The off-diagonal matrix elements of the complex H CF s are superpositions of at most three complex terms (for k = 2, 4, 6), which due to their own different phases can be treated as vector sums. On the other hand in the case of the real parametrizations we deal solely with algebraic sums of the components. In consequence, the complex parametrizations (with the phase angles as their additional degrees of freedom) considerably enlarge the set of available ratios between the matrix elements comparing to a more discrete set for the real parametrizations. For each complex parametrized H CF an equivalent real CF interaction matrix, leading to the same splitting diagram, can be given. The point is, however, that such a matrix cannot be attained only by means of the real CFPs. The complex Hamiltonians are therefore more capable than the real ones. This is what a supremacy of the complex parametrizations over the real ones consists in. Since the absolute values of the vector sums are enclosed within the range of the absolute values of the relevant algebraic sums, H CF s of complex parametrizations are not relevant to ∆E min and ∆E max , although they essentially enrich the set of available splitting diagrams. Thus, searching
for the extreme splittings we can confine ourselves exclusively to the H CF of real CFPs. For the sake of simplicity the terms
q . Clearly, the numerically-analytical approach applied previously to the three-parameter axial CFs, it this case seems to be hardly realizable considering the large number of independent CFPs. In fact, for fifteen real CFPs and fixed σ 2 one would need to scan independently and simultaneously all the involved B kq s within the ranges from 0 to (2J + 1)(2k + 1) (in σ), and then, after diagonalization of the H CF interaction matrix, to find out the upper and lower limits of the dominating absolute differences between the sublevels energies. In geometrical interpretation it would correspond to the analysis of adequate number of plane equations (equal to the number of the sublevels) within the 15-dimensional space with respect to the sphere of the radius R = σ [1] . In order to avoid such difficulties we have investigated ∆E min and ∆E max for a general H CF (Eq.(1)) employing an intermediate method.
Namely, we utilized a seemingly trivial fact that the CF effect is essentially differentiated for various combinations of q and k indexes. Firstly, we have found the limits of the total splittings which can be obtained separately for isomodular partial H
for k = 2, 4 and 6 (section 2), and next we have calculated the analogous limits for the potentials H CF (q) = B 2q C (2) q + B 4q C (4) q + B 6q C (6) q , this time with a fixed q index (section 3).
Collating the results from both the approaches we are able to deduce the ranges (∆E min , ∆E max ) binding all the crystal fields and the electron states |J with 1 ≤ J ≤ 8 (section 4). The information on the extreme total splittings is valuable and helpful for experimentalists attempting to assign or verify complicated energy level spectra in crystal-fields.
2. Dispersion of the total splitting ∆E of |J electron states in CFs
CF for k = 2, 4, 6 yielding the same σ 2 .
In order to find the limits of the observed total splittings ∆E and to compare the splitting capability of different isomodular H
CF with respect to |J states the relevant interaction matrices of order 2J + 1 for all 1 ≤ J ≤ 8 have been diagonalized. There were chosen 8, 25 and 30 various H (k) CF s, both real and virtual, for k = 2, 4 and 6, respectively.
These intentionally selected representative potentials are characterized by different contributions of the particular q-components. The exact and detailed quantitative compositions of the considered potentials are comprised in Appendix. The calculated minimal and maximal total splittings, their averages and mean square deviations are compiled in Tables 1, 2 [6] [7] [8] [9] . Further, for the sake of simplicity, writing the CF Hamiltonians we assume that S 2 k = 1 and ignore the scalar factor √ (2J+1)(2k+1) J||C (k) ||J . The last one ought to be introduced to ensure the condition σ 2 k = 1. However, even the most careful and attentive choice of representative isomodular H (k) CF sets covering the entire range of known calculated |H (k) CF | av and preceded by several surveys, does not guarantee, in general case, to find the exact extreme splittings ∆E min and ∆E max . The extreme total splittings proved to be certain have been found only for the quadrupolar H (2) CF acting on all the |J states, as well as in some particular cases for the higher CF multipoles (Tables 1-3 vs. Table 10 ). Since the infinite number of H (k) CF s cannot be explicitly inspected, the minimal and maximal total splittings found numerically for the considered H (k) CF sets have been assumed as the extreme ones. Thus, in most cases they have a hypothetical character of statistical origin due to their sample nature. Fortunately, this intra-multipolar (for a fixed k) q-mixing mechanism does not determine the extreme total splittings of the global H CF = k H (k) CF (section 3 and 4). The exact numerical approach consisting in mapping of all the independent CFPs variability ranges would be a generalization of the previous technique employed for the axial CFs [1] . It is however a hardly realizable task due to its dimensionality even for an individual k. Our more practical choice to overcome this complexity was a numerical experiment that does not guarantee the absolute character of the found extreme values, although there are some convincing premises making them reliable. The apparent over-representation of the simple mono- for different q, which implies from their orthogonality, the resultant CF effect should come rather from the average of the partial contributions. However, it does not exclude some particular superpositions corresponding e.g. to high-symmetrical H (k) CF s, such as cubic potentials, which promote rather symmetric dichotomic splittings with ∆E approaching 2σ. In order to distinguish the statistical data compiled in Tables 1-3 CF s with respect to the produced extreme splittings is discussed below.
In the case of the pure quadrupolar CFs, H (2) CF , (Table 1 and Appendix) for all the |J states with 1 ≤ J ≤ 8, the ∆E min is attained under the action of the H CFs. Only for H (2) CF s the unambiguous and monotonic relationship between ∆E and the relevant |E n | is observed (Appendix). The ∆E min corresponds to the largest |E n |, whereas the ∆E max to the smallest |E n | (what is understood for the σ 2 = const condition), and these magnitudes are the nominally extreme ones, indeed. In the quadrupolar case the mean ∆E for the chosen eight representative H (2) CF s rises monotonically from 2.343σ for J = 1 up to 3.185σ for J = 8 (except the trivial case of J = 3/2 when it is always 2.0000σ) and is shifted towards the ∆E max . The mean square deviation δ is of the order of 0.1σ and becomes much smaller within the range 3/2 ≤ J ≤ 4 ( Table 1 ). For J = 3/2 and 2 the ∆E is entirely independent of the H (2) CF composition, whereas for J = 5/2 and 3 depends only slightly with the δ being merely of the order of 0.01σ.
In the case of the 2 4 -pole, H confirming its tendency to the dichotomic type splittings. In turn, for J = 3 and 9/2 the ∆E min takes place in
CF, and for J = 7/2 and 4 in
CF, although the approximate magnitudes for both the minima occur in C the relevant crystal-quantum numbers. The mean ∆E magnitudes do not change considerably with J oscillating around 2.60σ. What is worthy to notice is the constant ∆E = 2.3531σ for J = 5 and dominating ∆E = 2.965σ for J = 3. In the case of k = 4 the mean square deviation δ is generally somewhat higher than for k = 2, but also of the order of 0.1σ and rises apparently for J = 2 and 3 decreasing within the range 9/2 ≤ J ≤ 6.
In the case of the 2 6 -pole, H
CF , (Table 3 and Appendix) for J = 3 and 4 the ∆E min has been found in C (6) 3 CF, for J = 7/2 and 5 in the cubic CF:
, but in turn
CF of rather uniform contribution of all the q-components. Its effect is however close to that in C (6) 3
CF.
Finally, for J = 11/2 ÷ 8 the ∆E min is gained in C (6) 6
CF. In turn, the ∆E max for J = 3 and 7/2 is attained in C CF. For J = 9/2 a rather isolated ∆E max has been found in
CF, but its effect is almost identical with that in C
CFs. In turn, in the case of J = 6 it appears in
CF. At last, for J = 7
and 15/2 the ∆E max occurs in
CF, and finally in the case of J = 8 it appears
CF, which is close to the ∆E in C Taking into account the fundamental differences between the three effective 2 k -poles contributing to the global H CF the observed discrepancies in ∆E, ∆E, and δ for the particular multipoles are surprisingly small with respect to both their magnitudes as well as J dependence (Tables 1 -3) . Apart from the appreciable increase in δ roughly in ratio 1 : 2 : 3 for k = 2, 4 and 6, respectively, all the three additive contributions can be, in principle, considered as comparable. The greater dispersion of the ∆E (it means the greater δ) for higher k corresponds to the higher filling of the (2J + 1)-dimensional interaction matrices by the non-zero H CF matrix elements.
The observed ∆E fluctuations result primarily from the arithmetic relations (stemming from the quantization consequences) between the involved numbers M J , |M J | ≤ J, and q, |q| ≤ k, according to the definition of the crystal quantum number µ, M J = µ(mod q) [2, 14] . For example, the state
CF becomes split into two singlets (µ = 3 and 3), whereas all the other substates |M J remain intact. In consequence, the maximal nominally admissible total splitting ∆E = ∆E = 3.7417σ
is attained (Table 10 ). However, exactly the same potential splits the state |J = 6 into four doublets CF , yielding the same σ 2 , there appears the second mechanism effectively leading to the dispersion of the available ∆E. This is the resultant effect of the C (k) q components with the same q but different k (three components for q = 0, 1 and 2, and two ones for q = 3 and 4). And this is the mechanism which turns out to be decisive. Its thorough analysis is consistently provided in the next section.
3. Dispersion of the total splitting ∆E of |J states in CFs with fixed
For all the H (k)
CF s the splitting capability of the mono-parametric Hamiltonians (with fixed |q|) seems to be dominating or almost dominating. Therefore, in our the next step of the search for the extreme total splittings we have focused on the q-component superpositions
with fixed q running from 0 to 4. They have been optimized with respect to their splitting capability.
Obviously, the assumption that the H CF (q) is normalized, leading to the same constant σ 2 , still remains in power.
In the case of a three-parameter H CF (q) form, the method applied previously to the axial CFs [1] can be adapted here as well. However, because of the non-diagonality of the H CF (q) interaction matrices for q = 0, the mapping procedure has to be preceded by their diagonalization. The splitting effect of each 2 k -pole superposition has been analyzed within the three-dimensional spherical reference frame (R, θ, ϕ). Taking the radius of the sphere R = σ, the matrix elements have the form (in σ):
where the coordinates 0 ≤ θ < π and 0 ≤ ϕ < 2π define the multipolar composition of the H CF (q).
In the case of the two-parameter superpositions for q = 3 or 4 the above formula reduces itself to the simplified form which can be obtained substituting ϕ = π/2 into Eq.(4) (due to the lack of the quadrupolar term).
After diagonalization of the matrices, i.e. having the sublevels eigenvalues, and mapping the whole variation ranges of the coordinates θ and ϕ, the upper and lower limits of the dominating absolute differences among the eigenvalues at each (θ, ϕ) point have been calculated numerically. In consequence, the physically admissible total splittings ∆E min and ∆E max of the |J states in CFs yielding the same σ 2 have been found. The whole ranges of the θ and ϕ angles digitized with the accuracy of 2 · 10 −4 and 1 · 10 −4 , respectively, has been swept up numerically. The evaluation of the upper and lower limits has been facilitated by a short Fortran programme [1] .
The calculated ∆E min and ∆E max for q = 0 ÷ 4 are enclosed in Tables 4 -8 , respectively. To complete these data and make them easy to compare the relevant ∆E for the solitary contributions to H CF (i.e. for q = 5 or 6) are appended in Table 9 .
The essential results stand as follows:
-There are three types of the H CF (q) with fixed q: the first involving all the three terms with k = 2, 4
and 6 for q = 0, 1 and 2, the second composed of two terms with k = 4 and 6 for q = 3 and 4, and the third based only on the one term with k = 6 for q = 5 and 6. Intuitively, the threemultipolar H CF s are the most effective in achieving the extreme total splittings. The results confirm it convincingly. From among all the 30 extreme values merely 5 (three ∆E max s and two ∆E min s) come from the two-multipolar H CF s (three for H CF (q = 4) and two for H CF (q = 3)) (see Tables 4 -9 ). From among the complete three-multipolar superpositions only H CF (q = 1)s lead for 1 ≤ J ≤ 8 (except for J = 4) to both the largest ∆E max and the largest ∆E min . In turn, the three-multipolar H CF (q = 0)s lead to the smallest ∆E min as well as to the smallest ∆E max (again except for J = 4). It confirms unambiguously the extreme splitting capabilities of these two particular CF potentials.
-There exist H CF (q = 1)s for which the ∆E max for all the considered Kramers states with J ≤ 15/2 practically reach the maximal, nominally predicted values (compare Table 5 vs. Table   10 ). The observed deviation found for J = 15/2 amounts to 0.3% (∆E max = 3.9880σ vs.
∆E max = 4.0000σ), and for J = 13/2 only 0.1% (∆E max = 3.7381σ vs. ∆E max = 3.7417σ).
These discrepancies follow the characteristic divergence between the ∆E max and ∆E max values appearing for large J values due to breaking of the simple model relation ∆E max = σ √ 2J + 1.
It means that the splitting diagrams with two doublets at energies ±∆E/2 and all the others at zero energy become unavailable. For the H CF (q = 2)s and the half-integer J the dependence ∆E max (J) approximates closely that for the H CF (q = 1)s discussed above (Tables 5 and 6 ).
-For the non-Kramers states the ∆E max is also reached for the majority of J numbers under the action of the H CF (q = 1)s. Here, only three exceptions have been found. For J = 4 the prevailing ∆E max = 4.0763σ occurs for the H CF (q = 4) ( Table 8) , and in the case of J = 5 and 6 for the H CF (q = 3)s, where ∆E max attains 3.5904σ and 3.7054σ, respectively. The latter two values only slightly exceed their counterparts for the H CF (q = 1)s (Tables 7 and 5 ).
-The smallest total splittings ∆E min both for the Kramers and non-Kramers ions have been found in the axial CFs for the H CF (q = 0) ( Table 4) . Only for J = 15/2 and 8 somewhat lower ∆E min have been achieved for the H CF (q = 4) ( Table 8 ).
Discussion
The key issue for the estimation of the maximal splittings of electron states in CFs is the fact that the maximal nominally predicted ∆E max for all the Kramers states with J ≤ 15/2 are attained for the properly composed multipolar superpositions in H CF (q = 1) = B 21 C
1 + B 41 C
1 + B 61 C (see Table 10 ).
It means, that no other H CF , of any unrestricted composition, can produce larger splittings. This fact entitles us to recognize the H CF (q = 1) as the strongest potential with respect to the produced total splitting from among all the possible H CF s yielding the same σ 2 . It confirms also the secondary role of the q-mixing mechanism of the C
CF s (Tables 1-3) , as well as the q and k cross-mixing mechanism in the H CF .
Similarly, for the non-Kramers states the H CF (q = 1) ensures the dominating ∆E max (Table 5) , and the found exceptions for J = 4 ÷ 6 and q = 3 and 4 result presumably from more favourable configurations of the sublevels for the involved crystal-quantum numbers (section 2). What promotes the large ∆E max is putting two of the sublevels (best of all two singlets) possibly far away from the energy centre of gravity and bringing together the remaining ones in the vicinity of the centre.
The H CF (q = 1) as the only one does not allow doublets to occur in the energy spectrum (ignoring an accidental degeneracy) and splits the |J state into 2J +1 singlets. In contrary, the H CF (q = 0) splits the |J state always into J doublets and only one singlet |M J = 0 . The H CF (q)s for q = 2÷6 generate mixtures of doublets and singlets. The splitting diagrams for the H CF (q = 1)s are symmetrical with respect to their centres of gravity, which means that the singlet |M J = 0 in the non-Kramers states has to always lie at the centre of gravity. This symmetry does not hold for q = 0.
In the light of the above results we postulate that the ∆E max found for the H CF (q = 1)s completed by the dominating values for the H CF (q = 4) in the case of J = 4, as well as for the H CF (q = 3) in the case of J = 5 and 6, are the highest limits of the total CF splittings of the |J states for 1 ≤ J ≤ 8 (Table 11 ).
The lower limits of the ∆E min are achievable presumably in the axial CFs of the H CF (q = 0). (Table 4) . Moreover, the obtained ∆E min s do not differ distinctly (contrary to the ∆E max s for higher J) from their nominal limits (Table 10) , although the energy distances should not be treated linearly. The particular weight of the axial CFs results also from their leading role in the complementary scale of the CF strength [8] . For all the three 2 k -poles the |H The lower limits of the total splittings ∆E min lie within the range (2.0000σ, 2.4081σ), whereas the nominally allowed ∆E min in (2.0000σ, 2.1213σ).
The upper limits ∆E max can change within the range (2.0000σ, 4.1043σ) compared with the nominally allowed ∆E max interval (2.0000σ, 5.8310σ). The gap ∆E max − ∆E min varies from 0 to 1.9961 (for J = 4) and is smaller for the Kramers states (Table 11) .
It is worthy to remind that all the energy quantities met in the paper are referred to constant σ 2 and expressed in σ. However, the σ depends not only on the CFPs (Eq.(2)) but in equal degree on the multipolar characteristics of the electron density distribution of the central ion affected by the CF. CF for k = 2, 4 and 6 given under the scheme (B k0 , B k1 , B k−1 , B k2 , B k−2 , . . . , B kk , B k−k ) and the relevant total splitting ∆E and average absolute value of E n , |E n |, for the |J states given under the scheme J(∆E, |E n |). 
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